Heat absorption and thermal radiation effects in a non-Newtonian fluid on a vertical stretching sheet with suspended particles are considered. The nonlinear partial differential equations are reduced to nonlinear ordinary differential equations via similarity approach. The equations are further solved using shooting-RK4 method and validated with homotopy-Padé solutions. Comparison between previous and present results revealed agreement up to five significant figures. The influence of various parameters on the flow velocity, temperature and concentration are examined. The profiles of reduced skin friction coefficient, Nusselt number and Sherwood number against selected parameters are sketched and discussed. Streamlines of the flow for different Maxwell parameters are visualized too. It is proclaimed that the heat flux of the flow is uplifted as value of either heat absorption or thermal radiation is multiplied. c 2016 All rights reserved.
Introduction
Based on the law of conservation of energy in physics, energy is an entity that cannot be originated nor demolished but it can be transferred or transformed into diverse forms via medias around. A body
Problem formulation

The governing equations and conditions
Let a steady magnetohydrodynamic Maxwell fluid flowing along a vertical stretching plate in a porous medium of Darcian type as clearly visualized in Fig. 1 
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2) 4) subject to the following boundary conditions
with u and v are the x and y velocity components, λ 1 is the Maxwell relaxation time, µ is the dynamic viscosity, ν is the kinematic viscosity, ρ is the density of Maxwell fluid, K is the permeability of porous medium, σ is the electrical conductivity, g is the gravity acceleration, T is the fluid temperature, C is the concentration field, β T is the temperature coefficient, β C is the diluted volume coefficient, λ g is the fluid thermal conductivity, c p is the specific heat at constant pressure, Q 0 is the internal heat absorption, V T is the thermophoretic velocity, D is the molecular diffusivity of species concentration, a is the rate of surface stretching while b and c are the coefficients for temperature and concentration gradients respectively. Under Rosseland approximation, the thermal radiative transfer rate q r [27] has the form
with σ 1 is Stefan-Boltzmann constant and k * is a coefficient of mean absorption. From the second term in the RHS of the equation (2.3), the expression (2.7) will take positive value automatically. The differences in temperature throughout the flow are sufficiently small so it is permissible for T 4 to be expressed as a linear function of temperature [27] ,
Making use of equations (2.7)-(2.8), the equation (2.3) can then be utilized as
Note that the second until the fifth terms in the RHS of (2.9) represent the expressions of thermal radiation, internal heat sink, viscous and magnetic heating respectively. The thermophoresis effect is normally defined based on the mean velocity of a particle due to difference in temperature. Since the temperature gradient in the boundary layer is mainly reflected in the-y direction thus only the thermophoretic velocity in that direction should be focused on. Consequently, the thermophoretic velocity V T which appears in (2.4) can be addressed as [27] :
where T ref is the control temperature whereas k is the coefficient for the thermophoretic velocity. The parameter of thermophoretic velocity, τ is now defined as follows [20] :
Typical values of τ = 0.01, 0.05, 0.1 correspond to approximated values of k(T w − T ∞ ) = 3K, 15K, 30K respectively for the control temperature T ref = 300K. The negative sign in (2.11) refers to direction of particles velocity from a hot surface to a cooler surroundings. After similarity transformation is performed in the next section, the negative sign of the last term of the equation (2.16) will simultaneously impose the expression (2.11) to return only positive value.
Similarity equations
The governing equations (2.2)-(2.4) can be converted to a system of nonlinear ODES by adopting the non-dimensional variables as follow [11] : 12) where the stream function ψ fulfills (2.1) correctly when
Using the equations (2.12) and (2.13), the transformed similarity equations and boundary conditions [11] are:
where β = λ 1 a is the Maxwell relaxation time parameter also known as Deborah number, M 2 = σB 2 0 /ρa is the magnetic parameter, λ = ν/aK is the porosity parameter, γ = Gr x /Re 2 x is the local buoyancy parameter, Gr x = gβ T (T w − T ∞ )x 3 /ν 2 is the local Grashof number, Re x = U w x/ν is the local Reynolds number, N = β C (C w − C ∞ )/β T (T w − T ∞ ) is the ratio of volumetric expansion towards thermal expansion, R = 4σ 1 T 3 ∞ /k * λ g is the parameter for thermal radiation, Pr is the Prandtl number, δ = Q 0 /ρac p is the internal heat absorption parameter, Ec = U 2 w /c p (T w − T ∞ ) is the Eckert number and Sc = ν/D is the Schmidt number.
Hence, the local skin friction coefficient, local Nusselt number and local Sherwood number are defined as 19) in which the surface skin friction τ w , the surface heat flux q w and the surface mass flux j w are given by
Consequently the following non-dimensional variables can be obtained:
,
Numerical approach
The system of nonlinear higher order ordinary differential equations (2.14)-(2.16) subject to the conditions (2.17)-(2.18) is first solved using a shooting technique. Hence the following system is established after converting (2.14)-(2.16) into first order ordinary differential equations:
subject to the converted conditions of
For the purpose of solving (3.1)-(3.7) while satisfying the initial condition (3.8) , the values of q(0) = f (0), r(0) = θ (0) and s(0) = φ (0) are required but not given initially. Therefore suitable guess values for q(0), r(0) and s(0) are chosen so that further integration can be performed. Next, the calculated values for p(η max ) = 0, q(η max ) = 0, θ(η max ) = 0 and φ(η max ) = 0 at η max = 12 (say) are compared with the boundary condition (3.9) while the estimated values of q(0), r(0) and s(0) are adjusted to give better approximations for the solution. The classical Runge-Kutta method of fourth order with the step size ∆η = 0.01 is employed and the previous process is repeated so that the asymptotically converged results can be achieved at 10 −6 numeracy tolerance level.
Analytical solution
The expressions of velocity f (η), temperature θ(η) and concentration φ(η) can be exemplified by the following base functions {η l exp(−iη)|l, i ≥ 0} [16] .
where a i,l , b i,l and c i,l are the coefficients. The initial guesses f 0 , θ 0 and φ 0 of f (η), θ(η) and φ(η) satisfying the solution rule [11] are
2)
The following auxiliary linear operators [11] ,
are chosen with the properties
where A j , (j = 1, .., 7) are the arbitrary constants.
If ς ∈ [0, 1] is the embedding parameter while f , θ and φ are the nonzero auxiliary parameters such as H f (η), H θ (η) and H φ (η) are the nonzero auxiliary functions respectively, then the zeroth order deformation equations [16] can be constructed as The nonlinear operators N f , N θ and N φ are
When ς = 0 and ς = 1, we have F (η; ς), Θ(η; ς) and Φ(η; ς) can be expanded in terms of Taylor series of ς [16] , 17) before the [n, n] Padé-approximants can be generated where
In order for the deformation equations (4.5)-(4.7) to converge at ς = 1, the auxiliary parameters and functions must be properly chosen [16] :
The mth-order deformation equations can now be obtained as follows [16] : 26) subject to
for m ≥ 1, where
and
The solutions for the mth-order deformation equations can now be expressed as
32)
where
and f * m (η), θ * m (η), φ * m (η) are the resulting equations from the multiple integration process.
Results and discussion
The reliability of homotopy analysis method is mainly dependent on convergence control parameter . In HAM, proper value of this parameter is defined when the curve is horizontally straight such that values of the reduced skin friction coefficient, Nusselt number and Sherwood number become almost stagnant in the y-direction of the graph. Since this method consumes time, we employ the homotopy-Padé technique to speed up the convergence of the HAM solutions (4.31)-(4.33). The results are generated in the form of a fraction with one polynomial of order η n in the numerator and another polynomial of order η n in the denominator. The algorithm for solving the equations (4.24)-(4.27) is coded in Mathematica software. In all computations done, the auxiliary functions H f (η) = 1, H θ (η) = 1 and H φ (η) = 1 are considered. The single auxiliary parameter is introduced to represent the values of f , θ and φ , i.e. = f = θ = φ . Based on Fig. 2 when β = τ = 0.2, M = γ = N = λ = 1, Pr = 3, Sc = Ec = 0.5, R = 0.3 and δ = −1 respectively, better convergent values can be taken within the close range of −0.3 ≤ ≤ −0.2 in conventional HAM. On top of that, if the optimal value of is to be selected using the optimal homotopy analysis method, it can be done by minimizing the summation of the discrete squared residual of the governing equations (2.14)-(2.16), [19] . The present numerical result and the accelerated convergence of the homotopy solutions via Padé approximation are presented in Table 1 . Since we have calculated the HAM solutions with 74 terms, it is possible to obtain up to [37, 37] homotopy-Padé scheme. Note that at the [30, 30] order when Pr = 10, all solutions converge to the [37, 37] order of homotopy-Padé within six significant figures. On the other hand, the present values of −f (0) obtained using shooting-RK4 method and [20, 20] homotopy-Padé scheme are compared with numerical results produced by [1] and [22] in Table 2 when Hartmann number, porosity and buoyancy parameters are equal to zero while Maxwell parameter is varied. These values agree with each other up to five significant figures possibly due to discrepancy between numerical and analytical methods employed. More results of wall skin friction, wall heat flux and wall mass flux are tabulated in Table 3 and  Table 4 for variations in Hartmann number, ratio of volumetric towards thermal expansions, porosity, thermophoresis, radiation and heat absorption respectively. As M or λ increases, the values of −f (0) increase while −θ (0) and −φ (0) decrease. Opposite effects are accomplished by the ratio of volumetric-thermal expansions N while thermophoresis replicates the qualitative influences of M and λ with exception on the wall mass transfer −φ (0). Eventually, thermal radiation R and heat sink δ cause all values of −f (0), −θ (0) and −φ (0) to decline as showed in Table 4 . [ Table 2 : The values of −f (0) when M = λ = γ = 0 and β is varied. Table 4 : The values of f (0), θ (0) and φ (0) when β = 0.3, M = N = λ = γ = 1, Pr = 3 and Sc = Ec = 0.5 using numerical method and [20, 20] homotopy-Padé scheme. The effects of Maxwell relaxation time parameter β, Hartmann number M , porosity λ, buoyancy γ, ratio of volumetric-thermal expansions N , thermal radiation R, Prandtl number Pr, internal heat sink δ, Eckert number Ec, Schmidt number Sc and thermophoresis τ towards the velocity, temperature and concentration profiles are revealed in Fig. 3 and Fig. 4 respectively. The physical behaviors demonstrated in these figures are conforming the values of wall skin friction, wall heat flux and wall mass flux as enlisted in Table 3 and Table 4 . Based on Fig. 3(a) , no significant effect of β is detected on the temperature profile. The flow velocity declines with an increment in M as the applied transverse magnetic field produces a Lorentz drag force in the opposite direction of the flow. Consequently, this phenomenon induces a slight hike in the temperature profile due to Lorentz force addendum on the existing skin friction implies more heat to be transferred from the wall thus heating the flow. These low velocity, high friction and low temperature on the wall also contribute to increasing mass deposition on the surface. The same consequences of M are postulated by λ in Fig. 3(b) but due to porosity interference in the flow direction. Adversely greater buoyancy γ assists the flow dynamics and cooling while avoiding concentration build-up near the surface area. As thermal radiation R proliferates in Fig. 3(c) , the flow is streaming and cooling down at a slower rate leading to faster concentration reduction from the wall. Similar behaviors are observed for expansion ratio N except for the flow temperature where the effect is slightly reversed. Prandtl number represents diffusivity ratio of momentum towards energy while a heat sink is a mechanism that cools a medium by dissipating heat to surroundings. The differences between a heat source and a heat sink lie in the opposite sign of the values and in the opposite directions of the progress impact. As the value of δ moves closer towards negative axial plane, the effect of heat absorption will come into practice. On the other hand, thermophoresis tends to drive away mass deposition from the wall surface of temperature T w which is hotter than the surroundings. Based on Fig. 4 , all velocity profiles increase with Prandtl number Pr, Eckert number Ec and heat sink δ. Since these parameters (excluding β) affect directly the heat equation (2.15), primary discussions can be focalized on temperature and concentration profiles. With higher value of Pr, momentum diffusivity becomes greater than thermal diffusivity. Therefore the flow temperature slightly declines while the concentration is improved. When the value of δ approaching zero or a positive number, the role of internal heat sink transforms into a heat source factor causing the flow temperature to hike and lowering the concentration level. On the other hand, warmer temperature in the flow promotes higher migration of diluted particles to cooler surroundings thus lessening the fluid concentration near the plate with an increment in thermophoresis. Apparently Eckert and Schmidt numbers have similar effects towards fluid flow extra heating and lower concentration. x under influence of internal heat absorption parameter δ, thermal radiation parameter R, Eckert number Ec, Maxwell relaxation time parameter β, buoyancy parameter γ, expansion ratio N , thermophoresis parameter τ and Schmidt number Sc are illustrated in Figs. 5-9 respectively. Thermal radiation is a type of non-ionizing radiation that radiates through space where the thermal energy is conserved in a vacuum. Conventionally, it is considered as harmless as long as extreme temperature rise is not produced. From Fig. 5 , it is evidenced that as thermal radiation increases, the reduced Nusselt number is multiplied while the reduced skin friction coefficient and the reduced Sherwood number decline. Maxwell relaxation time parameter, β is an important factor that sets apart the characteristics between a general Newtonian fluid as compared to the Maxwell fluid which represents a rate-type of non-Newtonian fluid. Due to an increase in shear stress property of non-Newtonian fluid towards it's motion, the layer of the fluid molecules becomes slightly sticky and the fluid dynamics is slower due to relaxation period is increased and the flow can now hold sufficiently minimum extra pressure for a bit longer time. The impacts of β in stimulating higher reduced skin friction coefficient as opposed to the flow direction while deflating the heat and mass fluxes are in contrast consequence with buoyancy γ and volumetric-thermal expansion ratio N as demonstrated in Fig. 7 and Fig. 8 respectively. With greater friction and lower rate of transfer of heat and mass amounts from the plate, the cooler plate becomes a proper bedding for attracting higher deposition of diluted micro and nano scaled particles due to accumulating thermophoresis and Schmidt number as revealed in Fig. 9 . Finally the streamlines in Fig. 10 
Concluding remarks
In this study, the influence of internal heat sink as heat dissipating mechanism in the Maxwell fluid flow past a vertical sheet has been considered. The set of governing equations has been transformed to ordinary differential equations by means of similarity variables before they are solved using the shooting-RK4 method validated with homotopy-Padé series acceleration. The present numerical and analytical solutions agree to each other up to three significant figures at minimum. The profiles of velocity, temperature and concentration distributions for selected variation of the flow parameters are also presented along with graphical results of reduced skin friction coefficient, reduced Nusselt number and reduced Sherwood number. The following points are concluded:
• The buoyancy parameter γ assists the flow dynamics and cooling while avoiding concentration build-up near the surface area.
• As thermal radiation R proliferates, the flow is streaming and cooling down at a slower rate leading to faster concentration reduction from the wall.
• As thermal radiation increases, the reduced Nusselt number is multiplied while the reduced skin friction coefficient and the reduced Sherwood number decline.
• All velocity profiles increase with Prandtl number Pr, Eckert number Ec and heat sink δ.
• With higher value of Pr, the flow temperature slightly declines while the concentration is improved.
• When the value of δ approaching zero or positive number, the role of internal heat sink transforms into a heat source factor causing the flow temperature to hike and lowering the concentration level.
• It is found that the heat transfer performance is progressively advanced as the internal heat absorption δ holds greater value in the negative axial direction.
• Warmer temperature in the flow promotes higher migration of diluted particles to cooler surroundings thus lessening the fluid concentration near the plate with an increment in thermophoresis.
• Eckert and Schmidt numbers contribute similar effects towards fluid flow extra heating and lower concentration.
• Both internal heat source and Eckert number contribute to significant reduction of the skin friction coefficient, reduced Nusselt number and reduced Sherwood number.
• The impacts of Maxwell relaxation time parameter β in stimulating higher reduced skin friction coefficient in the flow direction while deflating the heat and mass fluxes are in contrast consequence with buoyancy γ and volumetric-thermal expansion ratio N .
• With greater friction and lower rates of heat and mass transfers, the cooler plate is attracting higher deposition of diluted micro and nano scaled particles due to accumulating thermophoresis and Schmidt number.
